Abstract. The main purpose of the present paper is to construct Riemannian almost product structures on the (1, 1)−tensor bundle equipped with CheegerGromoll type metric over a Riemannian manifold and present some results concerning with these structures.
Introduction
A Riemannian metric on tangent bundle of a Riemannian manifold had been defined by E. Musso and F. Tricerri [7] who, inspired by the paper [3] of J. Cheeger and D. Gromoll, called it the Cheeger-Gromoll metric. The metric was defined by J. Cheeger and D. Gromoll; yet, there were E. Musso and F. Tricerri who wrote down its expression, constructed it in a more "comprehensible" way, and gave it the name. The Levi-Civita connection of the Cheeger-Gromoll metric and its Riemannian curvature tensor are calculated by M. Sekizawa in [12] (for more details see [6] ). In [8] , the metric was considered on (1, 1)-tensor bundle by E. Peyghan and his collaborates and examined its some geometric properties. In this paper, our aim is to study some almost product structures on the (1, 1)−tensor bundle endowed with the Cheeger-Gromoll type metric. We get sequently conditions for the (1, 1)−tensor bundle endowed with the Cheeger-Gromoll type metric and some almost product structures to be locally decomposable Riemannian manifold and Riemannian almost product W 3 −manifold. Finally, we consider a product conjugate connection on the (1, 1)−tensor bundle with the Cheeger-Gromoll type metric and give some results related to the connection.
Throughout this paper, all manifolds, tensor fields and connections are always assumed to be differentiable of class C ∞ . Also, we denote by ℑ 
Preliminaries
Let M be a differentiable manifold of class C ∞ and finite dimension n. Then the set T 
. If x j are local coordinates in a neighborhood U of P ∈ M , then a tensor t at P which is an element of T 1 1 (M ) is expressible in the form (x j , t i j ), where t i j are components of t with respect to the natural base. We may consider (x j , t i j ) = (x j , xj) = (x J ), j = 1, ..., n,j = n + 1, ..., n + n 2 , J = 1, ..., n + n 2 as local coordinates in a neighborhood π −1 (U ). Let X = X i ∂ ∂x i and A = A i j ∂ ∂x i ⊗ dx j be the local expressions in U of a vector field X and a (1, 1) tensor field A on M , respectively. Then the vertical lift V A of A and the horizontal lift H X of X are given, with respect to the induced coordinates, by
, where Γ 
(for details, see [2, 9] ).
3. Riemannian almost product structures on the (1, 1)−tensor bundle with Cheeger-Gromoll type metric
An n−dimensional manifold M in which a (1, 1) tensor field ϕ satisfying ϕ 2 = id, ϕ = ±id is given is called an almost product manifold. A Riemannian almost product manifold (M, ϕ, g) is a manifold M with an almost product structure ϕ and a Riemannian metric g such that
Also, the condition (3.1) is referred as purity condition for g with respect to ϕ. The almost product structure ϕ is integrable, i.e. the Nijenhuis tensor N ϕ , determined by
for all X, Y ∈ ℑ 1 0 (M ) is zero then the Riemannian almost product manifold (M, ϕ, g) is called a Riemannian product manifold. A locally decomposable Riemannian manifold can be defined as a triple (M, ϕ, g) which consists of a smooth manifold M endowed with an almost product structure ϕ and a pure metric g such that ∇ϕ = 0, where ∇ is the Levi-Civita connection of g. It is well known that the condition ∇ϕ = 0 is equivalent to decomposability of the pure metric g [11] , i.e. Φ ϕ g = 0, where Φ ϕ is the Tachibana operator [14, 15] 
Let T 1 1 (M ) be the (1, 1)−tensor bundle over a Riemannian manifold (M, g). For each P ∈ M , the extension of scalar product g (marked by G) is defined on the tensor space π
by the following three equations:
For the Levi-Civita connection of the Cheeger-Gromoll type metric CG g we give the next theorem. 
Proof. The connection ∇ is characterized by the Koszul formula:
for all vector fields X, Y and Z on T 
for any X ∈ ℑ 
, by virtue of (3.2)-(3.4), we get P ( X, Y ) = 0, i.e. the Cheeger-Gromoll type metric CG g is pure with respect to the almost product structure D I. Hence we state the following theorem.
Theorem 2. Let (M, g) be a Riemannian manifold and T 1 1 (M ) be its (1, 1)−tensor bundle equipped with the Cheeger-Gromoll type metric
CG g and the almost product structure
) is a Riemannian almost product manifold.
We now give conditions for the Cheeger-Gromoll type metric CG g to be decomposable with respect to the almost product structure D I. We calculate
Therefore, we have the following result. 4. Product conjugate connections on the (1, 1)−tensor bundle with Cheeger-Gromoll type metric
Let F be an almost product structure and ∇ be a linear connection on an ndimensional Riemannian manifold M. The product conjugate connection ∇ (F ) of ∇ is defined by
∇ is a metric connection with respect to g if and only if ∇ (F ) is so. From this, we can say that if ∇ is the Levi-Civita connection of g, then ∇ (F ) is a metric connection with respect to g [1] .
By the almost product structure D I and the Levi-Civita connection ∇ given by Theorem 1, we write the product conjugate connection ∇ ( D I) of ∇ as follows: The relationship between curvature tensors R ∇ and R ∇ (F ) of the connections ∇ and ∇ (F ) is as follows: [1] . Using the almost product structure D I and curvature tensor of the Cheeger-Gromoll type metric CG g (for curvature tensor of CG g, see [8] ), by means of R T ( H X,
The last equations lead to the following result. 
